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MAXWELL EQUATIONS IN COMPLEX FORM, SPHERICAL WAVES
IN SPACES OF CONSTANT CURVATURE OF LOBACHEVSKY AND
RIEMANN
Complex formalism of Riemann – Silberstein – Majorana – Oppenheimer in
Maxwell electrodynamics is extended to the case of arbitrary pseudo-Riemannian
space – time in accordance with the tetrad recipe of Tetrode – Weyl – Fock – Iva-
nenko. In this approach, the Maxwell equations are solved exactly on the background
of simplest static cosmological models, spaces of constant curvature of Riemann and
Lobachevsky parameterized by spherical coordinates. Separation of variables is re-
alized in the basis of Schro¨dinger – Pauli type, description of angular dependence in
electromagnetic complex 3-vectors is given in terms of Wigner D-functions. In the
case of compact Riemann model a discrete frequency spectrum for electromagnetic
modes depending on the curvature radius of space and three discrete parameters
is found. In the case of hyperbolic Lobachevsky model no discrete spectrum for
frequencies of electromagnetic modes arises.
1 Introduction: matrix complex form of Maxwell theory
The task of the present paper is to obtain in explicit form spherical waves solutions to Maxwell
equations in space of positive and negative curvature, spherical Riemann S3 Lobachevsky H3
models, when they are parameterized by extended spherical coordinates. This paper continues
investigation of similar problems on searching solutions of the Maxwell equations in symmetrical
space-time model [1, 2].
We will use the known complex form of Maxwell theory according to approach by Riemann,
Silberstein, Oppenheimer, and Majorana [3], [4],[5], [6], (also see [8–32]), which is extended to
the case of arbitrary curved space – time in accordance with general tetrad formalism by Tetrode
– Weyl – Fock – Ivanenko [33-35]; also see [35]).
Let us start with Maxwell equations in vacuum at presence of sources: (with the use of
notation ja = (ρ,J/c) , c2 = 1/ǫ0µ0 ):
div cB = 0 , rot E = −∂cB
∂ct
,
div E =
ρ
ǫ0
, rot cB =
j
ǫ0
+
∂E
∂ct
. (1)
In explicit form they are
∂1cB
1 + ∂2cB
2 + ∂3cB
3 = 0 , ∂2E
3 − ∂3E2 + ∂0cB1 = 0 ,
∂3E
1 − ∂1E3 + ∂0cB2 = 0 , ∂1E2 − ∂2E1 + ∂0cB3 = 0 ,
∂1E
1 + ∂2E
2 + ∂3E
3 = j0/ǫ0 , ∂2cB
3 − ∂3cB2 − ∂0E1 = j1/ǫ0 ,
∂3cB
1 − ∂1cB3 − ∂0E2 = j2/ǫ0 , ∂1cB2 − ∂2cB1 − ∂0E3 = j3/ǫ0 . (2)
Let us introduce a complex 3-component vector ψk = Ek + icBk; eqs. (2) are easily combined
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into (for shortness c = 1):
∂1Ψ
1 + ∂2Ψ
0 + ∂3Ψ
3 = j0/ǫ0 ,
−i∂0ψ1 + (∂2ψ3 − ∂3ψ2) = i j1/ǫ0 ,
−i∂0ψ2 + (∂3ψ1 − ∂1ψ3) = i j2/ǫ0 ,
−i∂0ψ3 + (∂1ψ2 − ∂2ψ1) = i j3/ǫ0 , (3)
or in matrix form: (12 arbitrary parameters enter this matrix equation):
(−iα0∂0 + αj∂j)Ψ = J , Ψ =
∣∣∣∣∣∣∣∣
0
ψ1
ψ2
ψ3
∣∣∣∣∣∣∣∣
, α0 =
∣∣∣∣∣∣∣∣
a0 0 0 0
a1 1 0 0
a2 0 1 0
a3 0 0 1
∣∣∣∣∣∣∣∣
,
α1 =
∣∣∣∣∣∣∣∣
b0 1 0 0
b1 0 0 0
b2 0 0 −1
b3 0 1 0
∣∣∣∣∣∣∣∣
, α2 =
∣∣∣∣∣∣∣∣
c0 0 1 0
c1 0 0 1
c2 0 0 0
c3 −1 0 0
∣∣∣∣∣∣∣∣
, α3 =
∣∣∣∣∣∣∣∣
d0 0 0 1
d1 0 −1 0
d2 1 0 0
d3 0 0 0
∣∣∣∣∣∣∣∣
. (4)
Taking into account
(α0)2 =
∣∣∣∣∣∣∣∣
a0a0 0 0 0
a1a0 + a1 1 0 0
a2a0 + a2 0 1 0
a3a0 + a3 0 0 1
∣∣∣∣∣∣∣∣
.
let us require
(α0)2 = +I, a0a0 = 1 , a1a0 + a1 , a2a0 + a2 , a3a0 + a3 ;
the most simple solution is
a0 = ±1, aj = 0 , α0 =
∣∣∣∣∣∣∣∣
±1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
∣∣∣∣∣∣∣∣
, (α0)2 = +I . (5)
In similar manner, taking
(α1)2 =
∣∣∣∣∣∣∣∣
b20 + b1 b0 0 0
b1b0 b1 0 0
b2b0 − b3 b2 −1 0
b3b0 − b2 b3 0 −1
∣∣∣∣∣∣∣∣
.
for equation (α1)2 = −I let us use the most simple solution
b0 = 0 , b1 = −1 , b2 = 0 , b3 = 0 , α1 =
∣∣∣∣∣∣∣∣
0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0
∣∣∣∣∣∣∣∣
. (6)
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Again,
(α2)2 =
∣∣∣∣∣∣∣∣
c0c0 + c2 0 c0 0
c1c0 + c3 −1 c1 0
c2c0 0 c2 0
c3c0 − c1 0 c3 −1
∣∣∣∣∣∣∣∣
= −I ,
that is
c0 = 0 , c1 = 0 , c2 = −1 , c3 = 0 , α2 =
∣∣∣∣∣∣∣∣
0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
∣∣∣∣∣∣∣∣
, (α2)2 = −I . (7)
And finally, for α3 we have
(α3)2 =
∣∣∣∣∣∣∣∣
d0d0 + d3 0 0 d0
d1d0 − d2 −1 0 0
d2d0 + d1 0 −1 d2
d3d0 0 0 d3
∣∣∣∣∣∣∣∣
= −I ,
so that
d0 = 0 , d1 = 0 , d2 = 0 , d3 = −1 , α3 =
∣∣∣∣∣∣∣∣
0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0
∣∣∣∣∣∣∣∣
, (α3)2 = −I . (8)
Simple rules for their products hold:
α1α2 = +α3 , α2α1 = −α3 , α2α3 = α1 , α3α2 = −α1 , α3α1 = +α2 , α1α3 = −α2 ; (9)
Also we get
k = ±1, α0α1 =
∣∣∣∣∣∣∣∣
0 k 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0
∣∣∣∣∣∣∣∣
, α1α0 =
∣∣∣∣∣∣∣∣
0 1 0 0
−k 0 0 0
0 0 0 −1
0 0 1 0
∣∣∣∣∣∣∣∣
.
only when k = +1 we get the very simple commutation rule
α0 = I , αiα0 = α0αi = αi . (10)
Thus, Maxwell equations can be presented in the following simple matrix form
(−i∂0 + αj∂j)Ψ = J , Ψ =
∣∣∣∣∣∣∣∣
0
ψ1
ψ2
ψ3
∣∣∣∣∣∣∣∣
, J =
1
ǫ0
∣∣∣∣∣∣∣∣
j0
i j1
i j2
i j3
∣∣∣∣∣∣∣∣
,
α1 =
∣∣∣∣∣∣∣∣
0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0
∣∣∣∣∣∣∣∣
, α2 =
∣∣∣∣∣∣∣∣
0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
∣∣∣∣∣∣∣∣
, α3 =
∣∣∣∣∣∣∣∣
0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0
∣∣∣∣∣∣∣∣
,
(α1)2 = −I , (α1)2 = −I , (α1)2 = −I ,
α1α2 = −α2α1 = α3 , α2α3 = −α3α2 = α1 , α3α1 = −α1α3 = α2 . (11)
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2 Matrix Maxwell equation in Riemannian space
Matrix Maxwell equation can be extended to the case of arbitrary Riemannian space – time
in accordance with the tetrad approach of Tetrode – Weyl – Fock – Ivanenko:
αρ(x) [ ∂ρ +Aρ(x) ] Ψ(x) = J(x) ,
αρ(x) = αc eρ(c)(x) , Aρ(x) =
1
2
jab eβ(a) ∇ρe(n)β . (12)
where eρ(c)(x) stands for the tetrad, j
ab stands for – generators of the complex vector represen-
tation of complex orthogonal group SO(3.C). Eq. (??) can be rewritten in terms of rotational
Ricci coefficients
αc ( eρ(c)∂ρ +
1
2
jabγabc ) Ψ = J(x) , (13)
where γbac = −γabc = −e(b)β;αeβ(a)eα(c) and
j23 = s1 , j
01 = i s1 , j
31 = s2 , j
02 = i s2 , j
12 = s3 , j
03 = i s3 ,
s1 =
∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0
∣∣∣∣∣∣∣∣
, s2 =
∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0
∣∣∣∣∣∣∣∣
, s3 =
∣∣∣∣∣∣∣∣
0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0
∣∣∣∣∣∣∣∣
=
∣∣∣∣ 0 00 τ3
∣∣∣∣ .
3 Spherical coordinates and tetrad in the Riemann space S3
In spherical coordinates in the Riemann space S3 (see [38])
dS2 = c2dt2 − dχ2 − sin2 χ (dθ2 + sin2 θdφ2) ,
xα = (ct, χ, θ, φ) , gαβ =
∣∣∣∣∣∣∣∣
1 0 0 0
0 −1 0 0
0 0 − sin2 χ 0
0 0 0 − sin2 χ sin2 θ
∣∣∣∣∣∣∣∣
. (14)
let us use the following tetrad
eα(0) = (1, 0, 0, 0) , e
α
(3) = (0, 1, 0, 0) ,
eα(1) = (0, 0,
1
sinχ
, 0) , eα(2) = (1, 0, 0,
1
sinχ sin θ
) . (15)
Christoffel symbols are given by
Γχφφ = − sinχ cosχ sin2 θ , Γχθθ = − sinχ cosχ ,
Γθφφ = − sin θ cos θ , Γθθχ =
cosχ
sinχ
, Γφφθ = ctg θ , Γ
φ
χφ =
cosχ
sinχ
. (16)
The Ricci coefficients are γab0 = 0 , γab3 = 0 and
γab1 =
∣∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 − 1tg χ
0 0 0 0
0 + 1tg χ 0 0
∣∣∣∣∣∣∣∣∣
, γab2 =
∣∣∣∣∣∣∣∣∣
0 0 0 0
0 0 + 1tg θ sinχ 0
0 − 1tg θ sinχ 0 − 1tg χ
0 0 + 1tg χ 0
∣∣∣∣∣∣∣∣∣
. (17)
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Correspondingly, for αα(x) and Aα(x) we get
αα(x) = ( α0, α3,
α1
sinχ
,
α2
sinχ sin θ
) , A0(x) = 0 ,
Aχ(x) = 0 , Aθ(x) = j
31 , Aφ(x) = sin θ j
32 + cos θ j12 . (18)
Therefore, eq. (13) takes the form
[ −i∂0 + α3∂r + α
1j31 + α2j32
tg χ
+
1
sinχ
Σθ,φ ] Ψ(x) = 0 ,
Σθ,φ = α
1 ∂θ + α
2 ∂φ + cos θj
12
sin θ
. (19)
It is more convenient to have the matrix j12 as diagonal one. To this end, one needs to use
a cyclic basis
Ψ′ = U4Ψ , U4 =
∣∣∣∣ 1 00 U
∣∣∣∣ , (20)
where
U =
∣∣∣∣∣∣∣∣
−1/√2 i/√2 0
0 0 1
1/
√
2 i/
√
2 0
∣∣∣∣∣∣∣∣
, U−1 = U+3 =
∣∣∣∣∣∣∣∣
−1/√2 0 1/√2
−i/√2 0 −i/√2
0 1 0
∣∣∣∣∣∣∣∣
.
In is matter of simple calculation to find
Uτ1U
−1 =
1√
2
∣∣∣∣∣∣
0 −i 0
−i 0 −i
0 −i 0
∣∣∣∣∣∣ = τ
′
1 , j
′23 = s′1 =
∣∣∣∣ 0 00 τ ′1
∣∣∣∣ ,
Uτ2U
−1 =
1√
2
∣∣∣∣∣∣
0 −1 0
1 0 −1
0 1 0
∣∣∣∣∣∣ = τ
′
2 , j
′31 = s′2 =
∣∣∣∣ 0 00 τ ′2
∣∣∣∣ ,
Uτ3U
−1 = −i
∣∣∣∣∣∣
+1 0 0
0 0 0
0 0 −1
∣∣∣∣∣∣ = τ
′
3 j
′12 = s′3 =
∣∣∣∣ 0 00 τ ′3
∣∣∣∣ .
α
′1 =
1√
2
∣∣∣∣∣∣∣∣
0 −1 0 1
1 0 −i 0
0 −i 0 −i
−1 0 −i 0
∣∣∣∣∣∣∣∣
, α
′2 =
1√
2
∣∣∣∣∣∣∣∣
0 −i 0 −i
−i 0 −1 0
0 1 0 −1
−i 0 1 0
∣∣∣∣∣∣∣∣
, α
′3 =
∣∣∣∣∣∣∣∣
0 0 1 0
0 −i 0 0
−1 0 0 0
0 0 0 +i
∣∣∣∣∣∣∣∣
.
In cyclic basis, eq. (19) reads
[ −i ∂
∂t
+ α
′3 ∂
∂r
+
α
′1s′2 − α
′2s′1
tg χ
+
1
sinχ
Σ′θ,φ ] Ψ
′(x) = 0 ,
Σ′θ,φ = α
′1 ∂θ + α
′2 ∂φ + cos θ s
′
3
sin θ
. (21)
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4 Separation of variables and Wigner functions
Let us construct electromagnetic spherical waves, then the field function should be taken in
the form
ψ = e−iωt
∣∣∣∣∣∣∣∣
0
f1(r)D−1
f2(r)D0
f3(r)D+1
∣∣∣∣∣∣∣∣
(22)
where the Wigner D-function are used Dσ = D
j
−m,σ(φ, θ, 0) , σ = −1, 0,+1 ; j,m determine
J2 and J3 eigenvalues. When separating the variables we will need the recurrent relations for
Wigner’s function [37]:
∂θ D−1 =
1
2
( a D−2 − ν D0 ) , m− cos θ
sin θ
D−1 =
1
2
( a D−2 + ν D0 ) ,
∂θ D0 =
1
2
( ν D−1 − ν D+1 ) , m
sin θ
D0 =
1
2
( ν D−1 + ν D+1 ) ,
∂θ D+1 =
1
2
( ν D0 − a D+2 ) , m+ cos θ
sin θ
D+1 =
1
2
( ν D0 + a D+2 ) ,
ν =
√
j(j + 1) , a =
√
(j − 1)(j + 2) . (23)
Let us find the action of the angular operator (the factor e−iωt will be omitted for shortness)
√
2 Σ′θφ Ψ
′ =
√
2
[
α
′1 ∂θ + α
′2 ∂φ + cos θ s
′
3
sin θ
]
∣∣∣∣∣∣∣∣
0
f1(r)D−1
f2(r)D0
f3(r)D+1
∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣
0 −1 0 1
1 0 −i 0
0 −i 0 −i
−1 0 −i 0
∣∣∣∣∣∣∣∣
∂θ
∣∣∣∣∣∣∣∣
0
f1D−1
f2D0
f3D+1
∣∣∣∣∣∣∣∣
+
1
sin θ
∣∣∣∣∣∣∣∣
0 −i 0 −i
−i 0 −1 0
0 1 0 −1
−i 0 1 0
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
0
f1(im− i cos θ) D−1
f2(im) D0
f3(im+ i cos θ) D+1
∣∣∣∣∣∣∣∣
=
=
1
2
∣∣∣∣∣∣∣∣
0 −1 0 1
1 0 −i 0
0 −i 0 −i
−1 0 −i 0
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
0
f1(aD−2 − νD0)
f2(νD−1 − νD+1)
f3(νD0 − aD+2)
∣∣∣∣∣∣∣∣
+
1
2
∣∣∣∣∣∣∣∣
0 +1 0 +1
+1 0 −i 0
0 i 0 −i
+1 0 i 0
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
0
f1(aD−2 + νD0)
f2(νD−1 + νD+1)
f3( νD0 + aD+2)
∣∣∣∣∣∣∣∣
from whence we arrive at
Σ′θφΨ
′ =
ν√
2
∣∣∣∣∣∣∣∣
(f1 + f3)D0
−i f2D−1
i (f1 − f3)D0
+i f2D+1
∣∣∣∣∣∣∣∣
(24)
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From Maxwell equation, taking into account (24) and identities
− i∂0Ψ = −ω e−iωt
∣∣∣∣∣∣∣∣
0
f1(r)D−1
f2(r)D0
f3(r)D+1
∣∣∣∣∣∣∣∣
, α
′3∂rΨ
′ = e−iωt
∣∣∣∣∣∣∣∣
f ′2 D0
−i f ′1 D−1
0
+i f ′3 D+1
∣∣∣∣∣∣∣∣
,
α
′1s′2 − α
′2s′1
tg χ
Ψ′ =
e−iωt
tg χ
∣∣∣∣∣∣∣∣
0 0 2 0
0 −i 0 0
0 0 0 0
0 0 0 +i
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
0
f1(r)D−1
f2(r)D0
f3(r)D+1
∣∣∣∣∣∣∣∣
=
e−iωt
tg χ
∣∣∣∣∣∣∣∣
2f2(r)D0
−i f1(r)D−1
0
+i f3(r)D+1
∣∣∣∣∣∣∣∣
, (25)
we get the radial equations
f ′2 +
2
tg χ
f2 +
1
sinχ
ν√
2
(f1 + f3) = 0 ,
−ωf1 − i f ′1 −
i
tg χ
f1 − i
sinχ
ν√
2
f2 = 0 ,
−ωf2 + i
sinχ
ν√
2
(f1 − f3) = 0 ,
−ωf3 + i f ′3 +
i
tg χ
f3 +
i
sinχ
ν√
2
f2 = 0 . (26)
With the use of substitutions
f1 =
1
sinχ
F1 f2 =
1
sinχ
F2 , f3 =
1
sinχ
F3 ,
the systems reads simpler
(1) (
d
dχ
+
1
tg χ
) ωF2 +
ω ν√
2 sinχ
(F1 + F3) = 0 ,
(2) − ω2F1 − iω F ′1 −
i ν√
2 sinχ
ωF2 = 0 ,
(3) ωF2 =
iν√
2 sinχ
(F1 − F3) ,
(4) − ω2F3 + i ωF ′3 +
iν√
2 sinχ
ωF2 = 0 . (27)
Combining eqs. (2) and (4) we get
(2) + (4) ,
− ω(F1 + F3)− i(F ′1 − F ′3) = 0 (28)
−(2) + (4) ,
ω2(F1 − F3) + iω(F ′1 + F ′3) +
2iν√
2 sinχ
iν√
2 sinχ
(F1 − F3) = 0 (29)
Allowing for eq. (3) and (28), from eq. (3) in (39) we arrive at an identity
(
d
dχ
+
1
tg χ
)
iν√
2 sinχ
(F1 − F3) + ω ν√
2 sinχ
(−i)(F ′1 − F ′3) = 0 . (30)
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Therefore, the Maxwell equations reduce to only three independent equations:
ωF2 =
iν√
2 sinχ
(F1 − F3) , −ω(F1 + F3)− i(F ′1 − F ′3) = 0 ,
ω2(F1 − F3) + iω(F ′1 + F ′3) +
2iν√
2 sinχ
iν√
2 sinχ
(F1 − F3) = 0 . (31)
Let us introduce new variables:
F =
F1 + F3√
2
, G =
F1 − F3√
2
,
then (31) will read
F2 =
iν
ω sinχ
G , F = − i
ω
d
dχ
G ,
d2
dχ2
G+ ω2G− ν
2
sin2 χ
G = 0 . (32)
5 Solution of the radial equation in S3
Let us solve eq. (32). To this end one need to introduce a new variable
z = 1− e−2iχ , z = 2 sinχ ei(−χ+pi/2) ; (33)
z runs along closed path in the complex plane:
Fig. 1 (The variable z)
✲
✻
✤
✣
✜
✢
t r
r χ = π/4
χ = 2π/4
r
χ = 3π/4
Allowing for identities
d
dχ
= 2i(1 − z) d
dz
,
cosχ
sinχ
= i
2− z
z
,
1
sin2 χ
= −4(1− z)
z2
,
eq. (32) reduces to
4(1 − z)2 d
2G
dz2
− 4(1 − z)dG
dz
− ω2G− 4(1 − z)ν
2
z2
G = 0 . (34)
With the use of the substitution
G = za(1− z)bg(z) ,
G′ = aza−1(1− z)bg(z)− bza(1− z)b−1g(z) + za(1− z)b dg(z)
dz
,
G′′ = a(a− 1)za−2(1− z)bg(z)− abza−1(1− z)b−1g(z) + aza−1(1− z)b dg(z)
dz
−
−abza−1(1− z)b−1g(z) + b(b− 1)za(1− z)b−2g(z)− bza(1− z)b−1 dg(z)
dz
+
+aza−1(1− z)b dg(z)
dz
− bza(1− z)b−1 dg(z)
dz
+ za(1− z)bd
2g(z)
dz2
. (35)
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from (34) we arrive at
z(1− z)d
2g
dz2
+ [2a− (2a+ 2b+ 1)z] dg
dz
+
+
[
ω2
4
− (a+ b)2 + (a(a− 1)− ν2)1
z
+ (b2 − ω
2
4
)
1
1− z
]
g = 0.
Requiring
a(a− 1)− ν2 = 0 , b2 − ω
2
4
= 0 =⇒ a = j + 1,−j , b = ±ω
2
, (36)
for g we obtain a simpler equation
z(1 − z)d
2g
dz2
+ [2a− (2a+ 2b+ 1)z] dg
dz
−
[
(a+ b)2 − ω
2
4
]
g = 0 , (37)
which is of hypergeometric type
z(1− z) F ′′ + [γ − (α+ β + 1)z] F ′ − αβ F = 0
with parameters
γ = 2a , α+ β = 2a+ 2b , αβ = (a+ b)2 − ω
2
4
,
or
α = a+ b− ω
2
, β = a+ b+
ω
2
. (38)
The function G is given by
G = za(1− z)bg(z) = [ 2i sinχe−iχ ]a [ 1− 2i sinχe−iχ ]b g(z) ; (39)
it is finite at the points χ = 0 and χ = π only when a is positive (see (36)):
a = j + 1 . (40)
also we must require b = −ω/2 when hypergeometric series can be reduced to a polynomial (we
take ω > 0):
α = j + 1− ω = −n = {0,−1,−2, ... } =⇒ ω = n+ 1 + j ; (41)
Thus, physical solutions of the Maxwell equations in the Riemann space S3 are given by
relations:
G = za(1− z)bg(z) = [ 2i sinχe−iχ ]a [ 1− 2i sinχe−iχ ]b g(z) ,
g(z) = F (−n, , j + 1, 2j + 2; z) = F (−n, , j + 1, 2j + 2; 2i sin χe−iχ) (42)
where
ω = n+ 1 + j , j = 0, 1, 2, ...., n = 0, 1, 2, ...; (43)
or in usual units
ω =
c
ρ
(n+ 1 + j) , (44)
ρ stands for the curvature radius of the space, c is velocity of the light.
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6 Spherical coordinates and tetrad in Lobachevsky space H3
Let us consider Maxwell equation in spherical coordinates of the Lobachevsky space model
H3
dS2 = c2dt2 − dχ2 − sh2χ (dθ2 + sin2 θdφ2) ,
xα = (ct, χ, θ, φ) , gαβ =
∣∣∣∣∣∣∣∣
1 0 0 0
0 −1 0 0
0 0 −sh2χ 0
0 0 0 −sh2χ sin2 θ
∣∣∣∣∣∣∣∣
. (45)
in the following tetrad
eα(0) = (1, 0, 0, 0) , e
α
(3) = (0, 1, 0, 0) ,
eα(1) = (0, 0,
1
sh χ
, 0) , eα(2) = (1, 0, 0,
1
sh χ sin θ
) . (46)
The Christoffel symbols are
Γχφφ = −sh χch χ sin2 θ , Γχθθ = −sh χch χ ,
Γθφφ = − sin θ cos θ , Γθθχ =
ch χ
sh χ
, Γφφθ = ctg θ , Γ
φ
χφ =
ch χ
sh χ
. (47)
and the Ricci rotation coefficients are γab0 = 0 , γab3 = 0 and
γab1 =
∣∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 − 1th χ
0 0 0 0
0 + 1
th χ
0 0
∣∣∣∣∣∣∣∣∣
, γab2 =
∣∣∣∣∣∣∣∣∣∣
0 0 0 0
0 0 + 1
tg θ sh χ
0
0 − 1
tg θ sh χ
0 − 1
th χ
0 0 + 1
th χ
0
∣∣∣∣∣∣∣∣∣∣
. (48)
For αα(x) and Aα(x) we get
αα(x) = ( α0, α3,
α1
sh χ
,
α2
sh χ sin θ
) , A0(x) = 0 ,
Aχ(x) = 0 , Aθ(x) = j
31 , Aφ(x) = sin θ j
32 + cos θ j12 . (49)
Therefore, Maxwell equation reads (the cyclic will be used)
[ −i ∂
∂t
+ α
′3 ∂
∂r
+
α
′1s′2 − α
′2s′1
th χ
+
1
sh χ
Σ′θ,φ ] Ψ
′(x) = 0 ,
Σ′θ,φ = α
′1 ∂θ + α
′2 ∂φ + cos θ s
′
3
sin θ
. (50)
7 Separation of variables
We start with spherical substitution
ψ = e−iωt
∣∣∣∣∣∣∣∣
0
f1(r)D−1
f2(r)D0
f3(r)D+1
∣∣∣∣∣∣∣∣
(51)
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Further calculations are completely the same that were used in previous case, so that we can go
just to the final result:
f ′2 +
2
th χ
f2 +
1
sh χ
ν√
2
(f1 + f3) = 0 ,
−ωf1 − i f ′1 −
i
th χ
f1 − i
sh χ
ν√
2
f2 = 0 ,
−ωf2 + i
sh χ
ν√
2
(f1 − f3) = 0 ,
−ωf3 + i f ′3 +
i
th χ
f3 +
i
sh χ
ν√
2
f2 = 0 . (52)
The system becomes simpler with the substitution
f1 =
1
sh χ
F1 , f2 =
1
sh χ
F2 , f3 =
1
sh χ
F3 ,
so we tet to
(1) (
d
dχ
+
1
th χ
) ωF2 +
ω ν√
2sh χ
(F1 + F3) = 0 ,
(2) − ω2F1 − iω F ′1 −
i ν√
2sh χ
ωF2 = 0 ,
(3) ωF2 =
iν√
2sh χ
(F1 − F3) ,
(4) − ω2F3 + i ωF ′3 +
iν√
2sh χ
ωF2 = 0 . (53)
Combining (2) (4) we get
(2) + (4) ,
− ω(F1 + F3)− i(F ′1 − F ′3) = 0 (54)
−(2) + (4) ,
ω2(F1 − F3) + iω(F ′1 + F ′3) +
2iν√
2sh χ
iν√
2sh χ
(F1 − F3) = 0 (55)
eq. (1) in (53) reduce to identity 0 ≡ 0 when allowing for (3) and (54), 0 ≡ 0. So we have
only three independent equations:
ωF2 =
iν√
2sh χ
(F1 − F3) , −ω(F1 + F3)− i(F ′1 − F ′3) = 0 ,
ω2(F1 − F3) + iω(F ′1 + F ′3) +
2iν√
2sh χ
iν√
2sh χ
(F1 − F3) = 0 . (56)
In new field variables
F =
F1 + F3√
2
, G =
F1 − F3√
2
,
eqs. (56) read
F2 =
iν
ω sh χ
G , F = − i
ω
d
dχ
G ,
d2
dχ2
G+ ω2G− ν
2
sh 2χ
G = 0 . (57)
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8 Solution of the radial equations in H3
In eq. (57) one needs to introduce new variable
z = 1− e−2χ , z = 2sh χ e−χ . (58)
Allowing for identities
d
dχ
= 2(1 − z) d
dz
,
ch χ
sh χ
=
2− z
z
,
1
sh 2χ
=
4(1 − z)
z2
,
eq. (57) reduces to
4(1 − z)2 d
2G
dz2
− 4(1 − z)dG
dz
+ ω2G− 4(1 − z)ν
2
z2
G = 0 . (59)
With the use of the substitution
G = za(1− z)bg(z) ,
we arrive at
z(1− z)d
2g
dz2
+ [2a− (2a+ 2b+ 1)z] dg
dz
+
+
[
−ω
2
4
− (a+ b)2 + (a(a− 1)− ν2)1
z
+ (b2 +
ω2
4
)
1
1− z
]
g = 0 .
With additional restrictions
a(a− 1)− ν2 = 0 , b2 + ω
2
4
= 0 =⇒ a = j + 1,−j , b = ± iω
2
. (60)
for g we obtain equation
z(1− z)d
2g
dz2
+ [2a− (2a+ 2b+ 1)z] dg
dz
−
[
(a+ b)2 +
ω2
4
]
g = 0, (61)
of hypergeometric type with parameters
γ = 2a , α+ β = 2a+ 2b , αβ = (a+ b)2 +
ω2
4
,
or
α = a+ b− iω
2
, β = a+ b+
iω
2
. (62)
Therefore, the function G is given by
G = za(1− z)bg(z) = [ 2sh χe−χ ]a [ 1− 2sh χe−χ ]b g(z) . (63)
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9 Conclusions
Complex formalism of Riemann – Silberstein – Majorana – Oppenheimer in Maxwell electro-
dynamics is extended to the case of arbitrary pseudo-Riemannian space - time in accordance with
the tetrad recipe of Tetrode – Weyl – Fock – Ivanenko. In this approach, the Maxwell equations
are solved exactly on the background of simplest static cosmological models, spaces of constant
curvature of Riemann and Lobachevsky parameterized by spherical coordinates. Separation of
variables is realized in the basis of Schro¨dinger – Pauli type, description of angular dependence
in electromagnetic complex 3-vectors is given in terms of Wigner D-functions. In the case of
compact Riemann model a discrete frequency spectrum for electromagnetic modes depending on
the curvature radius of space and three discrete parameters is found. In the case of hyperbolic
Lobachevsky model no discrete spectrum for frequencies of electromagnetic modes arises.
Authors are thankful to all participant of scientific seminar of Laboratory of Theoretical
Physics of Institute of Physic on NASB for discussion and advice.
References
[1] A.A. Bogush, Yu.A. Kurochkin, V.S. Otchik, E.M. Bychkovskaya. Analogue of the plane
electromagnetic waves in the Lobachevsky space. Proceedings of the International Confer-
ence BGL-5, Minsk, October 10-13, 2006. National Academy of Sciences of Belarus, B.I.
Stepanov Institute of Physics; Eds.: Yu. Kurochkin, V. Red’kov. – Minsk, 2006.
[2] Bychkovskaya E.M. On solutions of Maxwell equations in 3-dimensional Lobachevsky space.
Vesti National Academy of Sciences of Belarus. Ser. fiz.-mat. 2006. 5. 45-48.
[3] Weber H. Die partiellen Differential-Gleichungen der mathematischen Physik nach Rie-
mann’s Vorlesungen. Friedrich Vieweg und Sohn. Braunschweig. 1901. P. 348.
[4] Silberstein L. Elektromagnetische Grundgleichungen in bivectorieller Behandlung. Ann.
Phys. 1907. 22. 579 – 586.
[5] Oppenheimer J. Note on light Quanta and the electromagnetic field. Phys. Rev. 1931. 38.
725 – 746.
[6] Majorana E. Scientific Papers. Unpublished. Deposited at the ”Domus Galileana”. Pisa,
quaderno 2, p. 101/1; 3, p. 11, 160; 15, p. 16; 17, p. 83, 159.
[7] Marcolongo R. Les transformations de Lorentz et les e´quations de l’e´lectrodynamique. An-
nales de la Faculte´ des Sciences de Toulouse. 1914. 4. 429 – 468.
[8] Bateman H., The Mathematical analysis of electrical and Optical wave-Motion on the basis
of Maxwells equations. Cambridge University Press, 1915.
[9] Tonnelat M. Sur la the´orie du photon dans un espace de Riemann // Ann. Phys. N.Y.
1941.15. 144.
[10] Borgatdt A. Waves equations for a photon. JETP. 1958. 34 1323 – 1325.
[11] Kuohsien T. Sur les theories matricielles du photon // C. R Acad. Sci. Paris. 1857. 245.
141 – 144.
13
[12] Lomont J. Dirac-like wave equations for particles of zero rest mass and their quantization.
Phys. Rev. 1958. 11. 1710 – 1716.
[13] Sachs M., Schwebel S. On covariant formulations of the Maxwell-Lorentz theory of electro-
magnetism // J. Math. Phys. 1962. 3. 843 – 848.
[14] Ellis J. Maxwell’s equations and theories of Maxwell form. Ph.D. thesis. University of Lon-
don. 1964. 417 p.
[15] Mignani R., Recami E., Baldo M., About a Dirac-like equation for the photon, according
to E. Majorana. Lett. Nuovo Cimento. 1974. 11. 568 – 572.
[16] Edmonds J. Comment on the Dirac-like equation for the photon. Nuovo Cim. Lett. 1975.
13. 185 – 186.
[17] Da Silveira A. Invariance algebras of the Dirac and Maxwell equations. Nouvo Cim. A.
1980. 56. 385 – 395.
[18] Chow T. A Dirac-like equation for the photon. J. Phys. A. 1981. 14. 2173 – 2174.
[19] Fushchich V.I. Nikitin A.G. Symmetries of Maxwell’s equations. Kluwer. Dordrecht. 1987.
[20] Cook R. Photon dynamics. Phys. Rev. A. 1982. 25. 2164 – 2167; Lorentz covariance of
photon dynamics. Phys. Rev. A. 1982. 26. 2754 – 2760.
[21] Recami E. Possible physical meaning of the photon wave-function, according to Ettore
Majorana. Hadronic Mechanics and Non-Potential Interactions. New York, 1990. 231 –
238.
[22] Inagaki T. Quantum-mechanical approach to a free photon. Phys. Rev. A. 1994. 49. P. 2839
– 2843.
[23] Bialynicki-Birula I. On the wave function of the photon. Acta Phys. Polon. 1994. 86. P. 97 –
116; Photon wave function. Progress in Optics. 1996. 36. 248 – 294; arXiv:quant-ph/050820.
[24] Bialynicki-Birula I., Bialynicka-Birula Z. Beams of electromagnetic radiation carrying an-
gular momentum: The Riemann – Silberstein vector and the classical-quantum correspon-
dence. arXiv:quant-ph/0511011.
[25] Sipe J. Photon wave functions. Phys. Rev. A. 1995. 52. 1875 – 1883.
[26] Gersten A. Maxwell equations as the one-photon quantum equation // Found. of Phys.
Lett. 1998. Vol. 12. P. 291 – 298; arXiv:quant-ph/9911049.
[27] Esposito S. Covariant Majorana formulation of electrodynamics. Found. Phys. 1998. 28. P.
231 – 244; arXiv:hep-th/9704144.
[28] Dvoeglazov V. Historical note on relativistic theories of electromagnetism. Apeiron. 1998.
5. 69 – 88.
[29] Ivezic´ T. Lorentz invariant Majorana formulation of the field equations and Dirac-like equa-
tion for the free photon. EJTP. 2006. 3. 131 – 142.
14
[30] Varlamov V. About algebraic foundations of Majorana – Oppenheimer quantum electrody-
namics and de Broglie – Jordan neutrino theory of light. Ann. Fond. L. de Broglie. 2003.
27. 273 – 286.
[31] Khan S. Maxwell optics: I. An exact matrix representation of the Maxwell equa-
tions in a medium. arXiv:physics/0205083; Maxwell optics: II. An exact formalism.
arXiv:physics/0205084; Maxwell Optics: III. Applications. arXiv:physics/0205085.
[32] Tetrode H. Allgemein relativistishe Quantentheorie des Elektrons. Zeit. Phys. 19828. 50.
336.
[33] Weyl H. Gravitation and the electron. Proc. Nat. Acad. Sci. Amer. 1929. 15. 323 – 334;
Gravitation and the electron. Rice Inst. Pamphlet. 1929. 16. 280 – 295; Elektron und
Gravitation. Zeit. Phys. 1929. 56. 330 – 352.
[34] Fock V., Ivanenko D. U¨ber eine mo¨gliche geometrische Deutung der relativistischen
Quantentheorie. Zeit. Phys., 1929. 54. 798 – 802; Ge´ometrie quantique line´aire et
de´placement parallele. C. R. Acad. Sci. Paris. 1929. 188. 1470 – 1472; Fock V. Ge-
ometrisierung der Diracschen Theorie des Elektrons. Zeit. Phys. 1929. 57. 261 – 277.
[35] Red’kov V.M. Fields in Riemannian space and Lorentz group. Belarussian Science: Minsk,
2009.
[36] Landau L.D., Lifshitz E.M. The field theory. Voskow, 1973.
[37] Varshalovich D.A., Moskalev A.N., Xersonskiy V.K. Quantum theory of angular momen-
tum. Leningrad. 1975 (in Russian).
[38] Olevskiy M.N. Three-orthogonal systems in spaces of constant curvature in which equation
∆2U + λU = 0 permits the full separation of variables. Matem. Sbornik. 1950 P. 379-426.
15
